IEICE TRANS. COMMUN., VOL.E87–B, NO.3 MARCH 2004

671

PAPER

On the Capacity of MIMO Wireless Channels
Hyundong SHIN†a) , Student Member and Jae Hong LEE† , Nonmember

SUMMARY
In this paper, we present a new closed-form formula
for the ergodic capacity of multiple-input multiple-output (MIMO)
wireless channels. Assuming independent and identically distributed
(i.i.d.) Rayleigh flat-fading between antenna pairs and equal power allocation to each of the transmit antennas, the ergodic capacity of such channels
is expressed in closed form as finite sums of the exponential integrals which
are the special cases of the complementary incomplete gamma function.
Using the asymptotic capacity rate of MIMO channels, which is defined
as the asymptotic growth rate of the ergodic capacity, we also give simple
approximate expressions for the MIMO capacity. Numerical results show
that the approximations are quite accurate for the entire range of average
signal-to-noise ratios.
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1.

Introduction

In research areas on wireless communications, multipleinput multiple-output (MIMO) systems equipped with multiple antennas at both transmit and receive ends have recently drawn considerable attention in response to the increasing requirements on data rate and quality in radio links
[1]–[9]. Multipath signal propagation has long been thought
as an impairment limiting the system capacity and reliable
communication in wireless channels, together with the constraint of power and bandwidth. In MIMO systems, this
multipath propagation due to the rich scattering in wireless
channels is used to improve achievable data rate and link
quality.
Recent seminal work in [1] and [2] has shown that the
use of multiple antennas at both the transmitter and the receiver significantly increases the information-theoretic capacity far beyond that of single-antenna systems. As the
number of antennas at both the transmitter and the receiver
gets larger, the capacity increases linearly with the minimum of the number of transmit and receive antennas for
a given fixed signal-to-noise ratio (SNR) [1]–[3], even if
the fades between antenna pairs are correlated [4]. In particular, Telatar [1] derived the analytic expression for the
ergodic capacity of independent and identically distributed
(i.i.d.) Rayleigh flat-fading MIMO channels in integral form
involving the Laguerre polynomials and provided a look-up
table obtained by numerically evaluating the integrals to find
the ergodic capacity for diﬀerent numbers of transmit and
receive antennas. To date, and to the best knowledge of the
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authors, no closed-form expressions for the ergodic capacity of the MIMO channel are available for a finite number of
antennas although those for the channel with multiple antennas at only one end of link have been reported in previous
work [10]–[12].
The main objective of this paper is to extend the analysis in [1] to obtain closed-form expressions for the ergodic
capacity of i.i.d. Rayleigh flat-fading MIMO channels. We
also introduce the capacity rate which is defined as the
growth rate of ergodic capacity with respect to the number
of antennas. In random matrix theory (RMT) [16]–[19], it
is well known that the eigenvalues of a large class of random matrix ensembles have fewer random fluctuations as
the matrix dimension gets larger, i.e., the random distribution of the eigenvalues converges to a deterministic distribution in the limit of infinite matrix size. From these results
of the RMT, previous studies [1], [4] have shown that the
asymptotic capacity rate of MIMO channels converges to a
nonzero constant determined by the average SNR and the
limiting ratio between the numbers of transmit and receive
antennas. Using this asymptotic capacity rate of MIMO
channels, we present very accurate approximation formulas for the MIMO ergodic capacity. We also show that
the capacity rates of single-input multiple-output (SIMO)
and multiple-input single-output (SIMO) channels approach
zero asymptotically as the number of antennas tends to infinity, in contrast to MIMO channels.
The remainder of this paper is organized as follows.
The next section provides a brief review on the ergodic capacity for MIMO channels. In Sect. 3, we derive the closedform formula for the MIMO ergodic capacity. In Sect. 4, we
define the capacity rates of MIMO, MISO, and SIMO channels and analyze their asymptotic behavior as the number of
antennas tends to infinity. In Sect. 5 we present approximate
formulas for the MIMO ergodic capacity and conclusions
are presented in Sect. 6.
2.

Capacity of MIMO Channels

In this section, we briefly review the capacity formula for
MIMO channels. Consider a point-to-point communication
link with t transmit and r receive antennas. Throughout the
paper we refer to α = min{t, r} and β = max{t, r}, and restrict
our analysis to the frequency-flat fading case.
The total power of the complex transmitted signal vector x ∈ Ct is constrained to P regardless of the number of
antennas, namely
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E x† x ≤ P

(1)

where the superscript † denotes the transpose conjugate. At
each symbol interval, the received signal vector y ∈ Cr is
given by
y = Hx + n

where Lm
k (z) is the Laguerre polynomial of order k defined
as [20, Eq. (8.970.1)]
Lm
k (z) =

k

(2)

where H ∈ Cr×t is a r × t random channel matrix and n
is a complex r dimensional additive white Gaussian noise
(AWGN) vector with i.i.d. circularly symmetric Gaussian
components, E nn† = σ2n Ir † . The entries Hi j , i =
1, 2, · · · , r and j = 1, 2, · · · , t, of H are the complex channel gains between transmit antenna j and receive antenna i,
which are modeled as i.i.d. complex Gaussian random variables with zero mean and unit variance, i.e., Hi j ∼ CN(0, 1).
In this case, the average SNR at each receive antenna is
equal to ρ = P/σ2n . Furthermore, we assume that the channel is perfectly known to the receiver but unknown to the
transmitter.
When the transmitted signal vector x is composed of t
statistically independent equal power components each with
a circularly symmetric complex Gaussian distribution, the
channel capacity under transmit power constraint P is given
by [1], [2]


ρ
(3)
C = log2 det Ir + HH† bits/s/Hz.
t
The ergodic (mean) capacity of the random MIMO channel, which is the Shannon capacity obtained by assuming it
is possible to code over many independent channel realizations, is evaluated by averaging C with respect to the random
matrix channel H, namely [1]



ρ
(4)
C t,r = E log2 det Ir + HH† .
t
For some specific models of the channel matrix, C t,r can
be evaluated by statistical simulations. However, these numerical matrix calculations may be very lengthy, especially
when the number of antennas is very large.
Define

HH† r < t
W=
(5)
H† H r ≥ t,
then, the random matrix W has the central Wishart distribution with parameters α and β, and its random eigenvalues
are of great interest in multivariate statistics (see [16]–[19],
and references therein). Using the singular value decomposition theorem and the general results from the RMT, Telatar
[1] derived the analytic formula for the ergodic capacity of
MIMO channels in (4) as follows:
 ∞
(6)
log2 (1 + ρλ/t) pλ (λ) dλ
C t,r = α

=
where
3.

n
k

α−1
k=0

k!λβ−α e−λ  β−α 2
L (λ) , λ ≥ 0
(β − α + k)! k

k + m zi
.
k − i i!

(8)

= n!/(k!(n − k)!) is the binomial coeﬃcient.

Closed-Form Formulas for the Capacity

We now derive a closed-form expression for the capacity of
MIMO channels.
Theorem 1: The ergodic capacity in bits/s/Hz of an
i.i.d. Rayleigh fading MIMO channel with t transmit and r
receive antennas under total transmit power constraint and
equal power allocation is given by
α−1

C

t,r

k

2l

= et/ρ log2 (e)
k=0 l=0 i=0



(−1)i (2l)!
22k−i l!i!

(β − α + i)! 2k − 2l 2β − 2α + 2l
×
(β − α + l)! k − l
2l − i

β−α+i
t
E j+1
×
ρ
j=0

(9)

where En (z) is the exponential integral of order n defined by
[20, p.xxxv]
 ∞
En (z) =
e−zu u−n du, n = 0, 1, · · · , Re[z] > 0. (10)
1

Proof: From (8) and the identity of [20, Eq. (8.976.3)]



2 Γ(k + m + i) k (2l)! 2k−2l
k−l
m
Lk (z) =
L2m
2l (2z) (11)
l!Γ(m
+
l
+
1)
22k k!
l=0
where Γ(z) is the gamma function, the distribution pλ (λ) can
be rewritten as
pλ (λ) =

1
α

=

1
α

=

1
α

0

1
α

(−1)i
i=0

×

where pλ (λ) is the distribution of a randomly selected eigenvalue of W. The distribution pλ (λ) is given by [1]
pλ (λ) =

1 z −m dk −z k+m
ez
e z
k!
dzk

α−1

k!λβ−α e−λ  β−α 2
L (λ)
(β − α + k)! k
k=0


α−1 k (2l)! 2k−2l λβ−α e−λ
k−l
(2λ)
L2β−2α
2l
2k l!(β − α + l)!
2
k=0 l=0
2l 
α−1 k
(−1)i (2l)!λβ−α+i e−λ
22k−i l!i!(β − α + l)!
k=0 l=0 i=0

2k − 2l 2β − 2α + 2l
, λ ≥ 0.
2l − i
k−l

(12)

Substituting (12) into (6), the ergodic capacity is written as
(7)

†

In represents the n × n identity matrix.
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α−1

C

t,r

k

2l



= log2 (e)
k=0 l=0 i=0

n−1

(−1)i (2l)!
22k−i l!i!(β − α + l)!

C

2k − 2l 2β − 2α + 2l
2l − i
k−l

 ∞
β−α+i −λ
×
ln(1 + ρλ/t)λ
e dλ .
0

I

(13)

n−1

Γ(−n + j, µ)
µj

(14)

where Γ(a, z) is the complementary incomplete gamma
function defined by [20, Eq. (8.350.2)]
 ∞
Γ(a, z) =
e−u ua−1 du.
(15)
z

β−α+i+1

t
ρ

et/ρ

β−α+i+1

×
j=1

Γ (−β + α − i − 1 + j, t/ρ)
.
(t/ρ) j

En (z) = zn−1 Γ(1 − n, z).
Applying the identity (17) to (16), we have
I = (β − α + i)!e

E j+1
j=0

t
.
ρ

(18)
t,r

in


Example 1: Consider t = r = n. From (9) with α = β = n,
the capacity of a MIMO channel with n antennas at both the
transmitter and the receiver is given by
n−1

C

n,n

=e

k

2l



log2 (e)
k=0 l=0 i=0

×

2k − 2l 2l
i
k−l

4.

(−1)i 2l
22k−i l
i

E j+1
j=0

E j+1

1
.
ρ

(21)

Capacity Rates

A natural question to ask is “How does the capacity grow
with the number of antennas.” We define the capacity rate
as this rate of growth as follows.

∗
(τ)  t,r→∞
lim
RMIMO

n
ρ


.

(19)

Example 2: Consider t = n and r = 1 (MISO channel).
From (9) with α = 1 and β = n, the capacity of a MISO
channel with n transmit antennas is given by

C t,r
min {t, r}

(22)

which implies the asymptotic growth rate of the MIMO ergodic capacity when t and r tend to infinity in such a way
r/t tends to a limit τ. For MISO and SIMO channels, the
capacity rates, denoted by RMISO and RSIMO , are defined as
their ergodic capacity normalized by the number of receive
or transmit antennas, respectively. The asymptotic capacity
rates for the MISO and SIMO channels are defined as the
asymptotic behavior of RMISO and RSIMO , i.e.,
∗
 lim
RMISO

Inserting (18) into (13), the ergodic capacity C
bits/s/Hz can be expressed in closed form as (9).

n/ρ

= e1/ρ log2 (e)

r/t→τ

(17)

β−α+i

(20)

Note that increasing the number of receive antennas from
n − 1 to n in the SIMO channel yields an additional capacity
advantage equal to e1/ρ log2 (e)En (1/ρ) bits/s/Hz and (21) is
in agreement with the formerly known result of the exact capacity formula for Rayleigh fading channels with reception
diversity if applying the identity (17) to [12, Eq. (40)].

(16)

The exponential integral En (z) of (10) is the special case of
the complementary incomplete gamma function, i.e.,

t/ρ

n
.
ρ

Definition 1: For a MIMO channel with t transmit and r
receive antennas, the capacity rate, denoted by RMIMO , is
defined as its ergodic capacity normalized by min {t, r}. The
asymptotic capacity rate for the MIMO channel is defined as
the asymptotic behavior of RMIMO , i.e.,

According to (14), the integral I is evaluated as
I = (β − α + i)!

1,n

j=0

0

j=1

E j+1

Example 3: Consider t = 1 and r = n (SIMO channel).
From (9) with α = 1 and β = n, the capacity of a SIMO
channel with n receive antennas is given by
C

To evaluate the integral I in (13), we use the following result
from [12, Appendix B]:
 ∞
In (µ) =
ln(1 + z)zn−1 e−µz dz, µ > 0, n = 1, 2, · · ·
n

= en/ρ log2 (e)
j=0

×

= (n − 1)!eµ

n,1

t→∞

C t,1
t

(23)

and
C 1,r
.
(24)
r
Using the limit theorem on the distribution of the
eigenvalues of large dimensional random matrices [19], the
asymptotic behavior of the MIMO capacity has been reported in [1] and [4]. The following theorem determines the
asymptotic capacity rate for MIMO channels and is used to
establish approximate formulas for (9) in the next section.
∗
RSIMO
 lim

r→∞

Theorem 2: If t and r tend to infinity in√such a way that
sgn(τ−1)
, a(τ) = ( τ̃ − 1)2 , b(τ) =
r/t
√ → τ and let τ̃ = τ
( τ̃ + 1)2 , and

ρτ τ < 1
ν=
ρ τ ≥ 1,
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∗
then the asymptotic capacity rate RMIMO
(τ) is given by
 b(τ)
1
∗
RMIMO
(τ) =
log2 (1 + νz)
2π a(τ)

b(τ)
a(τ)
−1 1−
×
dz
(25)
z
z

= τ̃ log2 1 + ν − J(ν, τ̃)
+ log2 1 + ντ̃ − J(ν, τ̃)
−

log2 (e)
J(ν, τ̃)
ν

(26)

where

√
2

1

J(u, w)  
u
w
+
1
+1

4
2


√
2


.
− u w − 1 + 1



(27)

Proof: The well-known result from the RMT [19] says that
as β/α → τ̃ (or r/t → τ), the asymptotic eigenvalue density
of α1 W converges in probability to

b(τ)
1
a(τ)
−1 1−
p∗ (z) =
,
2π
z
z
a(τ) ≤ z ≤ b(τ)
which is sometimes called the deformed quarter circle law
or Marcenko-Pastur law. From (6) and p∗ (z), the asymptotic
capacity rate defined in (22) can be written as
 b(τ)

1
ρα  ∗
∗
z p (z) dz
RMIMO (τ) =
log2 1 +
2π a(τ)
t
 b(τ)
1
=
log2 (1 + νz) p∗ (z) dz.
2π a(τ)

Theorem 3: For MISO and SIMO channels, the asymp∗
∗
= RSIMO
=
totic capacity rate is equal to zero, that is, RMISO
0.
Proof: As t gets large, 1t HH† for fixed r converges almost
surely to Ir by the law of large numbers. Therefore, the
ergodic capacity for large t and fixed r becomes

C t,r → E log2 det (Ir + (1 + ρ))
(29)
= r · log2 (1 + ρ) .
Similarly, as r gets large, 1r H† H for fixed t converges almost
surely to It by the law of large numbers, and the ergodic
capacity for fixed t and large r becomes



ρr 
C t,r → E log2 det It + 1 +
t

ρr 
= t · log2 1 +
.
(30)
t
From (23), (24), (29) and (30), it is straightforward that
∗
∗
= RSIMO
= 0.

RMISO
Figure 1 shows the capacity rates for MIMO, MISO,
and SIMO channels versus the number of antennas n at
ρ =10 dB for the following five cases: (a) t = n and r = 2n;
(b) t = 2n and r = n; (c) t = r = n; (d) t = 1 and r = n
(SIMO); (e) t = n and r = 1 (MISO). If the number of antennas is increased at both the transmitter and the receiver, i.e.,
the cases (a), (b), and (c), the MIMO capacity rate RMIMO
converges very fast to its asymptotic value according to Theorem 2 as n increases. The asymptotic capacity rates for
(a), (b), and (c) are 4.0114, 3.1253, and 2.7233 bits/s/Hz,
respectively. On the order hand, for SIMO and MISO channels with n receive or transmit antennas, i.e., the cases (d)
and (e), respectively, the capacity rate RSIMO and RMISO decrease with n and approach zero as n → ∞. This implies


Note that the closed-form expression (26) for the integral
of (25) was presented in the context of the capacity analysis for code-division multiple-access (CDMA) systems with
random spreading sequences [13], [14]. In [13], (26) was
indirectly obtained by using the fact that the perfect successive canceler with minimum mean-square-error (MMSE)
prefiltering achieves asymptotically the same capacity as the
maximum-likelihood decoder. On the order hand, Rapajic and Popescu [14] derived the closed-form expression directly from the integral and proved the results in [13]. When
t = r, i.e., τ = 1, (26) reduces to†
C r,r

r
= 2 log2 4ρ + 1 + 1
2
log (e)  
− 2
4ρ + 1 − 1 − 2.
4ρ

∗
RMIMO
(1) = lim

r→∞

Fig. 1 Capacity rates for MIMO, MISO, and SIMO channels versus the
number of antennas n at ρ =10 dB.

(28)

†
There exists a minor typo in [4, Eq. (9)] (the term −2 in (28)
was missed out).
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that if the number of antennas is increased only at the transmitter or the receiver, the asymptotic capacity rate is equal
to zero as shown in Theorem 3. Also, we see that due to the
total transmitted power constraint, RMISO converges to zero
faster than RSIMO as the number of antennas increases.
5.

Approximate Formulas for the Capacity

From the fact that the capacity rate for MIMO channels
with a certain fixed ratio τ converges very quickly to its
∗
(τ) as the number of antennas inasymptotic value RMIMO
creases (see Fig. 1), it is obvious that the capacity of MIMO
channels is very well approximated by a linear function of
∗
(τ) for a given average SNR.
min{t, r} with a rate of RMIMO
For example, if t = r = n, the capacity approximately in∗
(1) bits/s/Hz for each increase in n and thus
creases RMIMO
∗
(1). Therefore, the following
C n,n ≈ C 1,1 +(n − 1)·RMIMO
approximations are straightforward.
The ergodic capacity of a MIMO channel with n antennas at both the transmitter and the receiver in (19) is simply
approximated by
C

n,n


!
 ρr t  
ρr
t
−J
,
+(r − 1) · log2 1 +
r
t
t r

 ρr t  
,
+ log2 1 + ρ − J
t r
"
t log2 (e)  ρr t 
J
,
−
.
r ρ
t r

(33)

To assess the accuracy of the approximate expressions
for the ergodic capacity of MIMO channels, we compare
the approximations with the exact calculations in Figs. 2–
4. Figure 2 shows the exact ergodic capacity of a MIMO
channel with t = r = n and its approximation from (31)
versus average SNR for various n. Figure 3 shows the exact
ergodic capacity of a MIMO channel with t = n and r =
κ · n and its approximation from (32) versus average SNR
for n = 2, 6, 10, and κ = 1.5 and 3. Figure 4 shows the exact

∗
+ (n − 1) · RMIMO
(1)
1
= e1/ρ log2 (e)E1
ρ



+(n − 1) 2 log2 4ρ + 1 + 1

≈ C

−

1,1


2
log2 (e)  
4ρ + 1 − 1 − 2 .
4ρ

(31)

For t < r, an approximate formula for the ergodic capacity
is given by
r
∗
C t,r ≈ C 1,r/t + (t − 1) · RMIMO
t
r/t−1

=e

1/ρ

log2 (e)

E j+1
j=0

Fig. 2 Ergodic capacity and its approximation for a MIMO channel with
t = r = n versus average SNR ρ.

1
ρ


!
 r
r
+(t − 1) · log2 1 + ρ − J ρ,
t
t




r
ρr
− J ρ,
+ log2 1 +
t
t
"


log (e)
r
− 2 J ρ,
ρ
t

(32)

where z represents the smallest integer greater than or
equal to z. Similarly, when t > r, the ergodic capacity is
approximated by
r
∗
C t,r ≈ C t/r,1 + (r − 1) · RMIMO
t
= et/r/ρ log2 (e)

t/r−1

E j+1
j=0

t/r
ρ
Fig. 3 Ergodic capacity and its approximation for a MIMO channel with
t = n and r = κ · n versus average SNR ρ.
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Fig. 4 Ergodic capacity and its approximation for a MIMO channel with
t = κ · n and r = n versus average SNR ρ.

ergodic capacity for t = κ ·n and r = n and its approximation
from (33) versus average SNR for the same values of n and
κ as those in Fig. 3. From these plots we can see that the
approximations closely match the exact ergodic capacity (9)
for the entire range of average SNRs and get more accurate
if the number of transmit antennas is an integral multiple of
that of receive antennas and vice versa. These closed-form
approximations can therefore be safely used to predict the
capacity of MIMO channels.
6.

Conclusions

In this paper we obtained a closed-form expression and
an accurate approximation for the ergodic capacity of
i.i.d. Rayleigh flat-fading MIMO channels under total transmit power constraint and equal power allocation. By using
these expressions, we can easily predict the capacity performance of MIMO channels without any numerical integrations or statistical simulations with numerical matrix calculations. We also defined the capacity rate as the growth rate
of the ergodic capacity with respect to the number of antennas. The capacity rate converges asymptotically to a certain nonzero constant as the number of antennas at both the
transmitter and receiver tends to infinity, while it approaches
zero if the number of antennas tends to infinity only at transmitter or the receiver.
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