562 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 7, NO. 2, FEBRUARY 2008

Asymptotic Statistics of Mutual Information for
Doubly Correlated MIMO Channels

Hyundong Shin, Member, IEEE, Moe Z. Win, Fellow, IEEE, and Marco Chiani, Senior Member, IEEE

Abstract—In this paper, we derive the asymptotic statistics of
mutual information for multiple-input multiple-output (MIMO)
Rayleigh-fading channels in the presence of spatial fading corre-
lation at both the transmitter and the receiver. We first introduce
a class of asymptotic linear spectral statistics, called correlants,
for a structured correlation matrix. The mean and variance
of MIMO mutual information are then expressed in terms of
the correlants of spatial correlation matrices in the asymptotic
regime where the number of transmit and receive antennas tends
to infinity. In particular, using Szego6’s theorem on the asymptotic
eigenvalue distribution of Toeplitz matrices, we give examples for
special classes of correlation matrices with Toeplitz structure—
exponential (or Kac-Murdock-Szego), tridiagonal, and constant
(or intraclass) correlation matrices.

Index Terms— Asymptotic linear spectral statistics, channel
capacity, multiple-input multiple-output (MIMO) system, mutual
information, Rayleigh fading, spatial fading correlation, Toeplitz
form.

I. INTRODUCTION

BOUT a decade after the first assertion of [1] that the

capacity generally grows proportionally with the number
of antennas, the seminal work of [2] and [3] has explicitly
shown that the capacity of a multiple-input multiple-output
(MIMO) channel increases linearly with the minimum of the
numbers of transmit and receive antennas in rich scattering
propagation environments. Numerous prior investigations re-
garding the capacity or mutual information of MIMO systems
are in two directions: exact or bound analysis for a finite
number of antennas [2]-[7] and asymptotic analysis for a large
number of antennas [3], [8]-[12]. Although the asymptotic
analysis gives only an approximation for the case of finite
antenna numbers, it often allows us to circumvent the difficult
exact analysis and to provide more lucid insights into the
capacity behavior.
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The essential mathematical tool used in understanding as-
ymptotic capacity behavior is the theory of large dimensional
random matrices (see, e.g., [13]-[17]). The crucial result in
random matrix theory states that for a large class of random
matrix ensembles, the empirical distribution of eigenvalues
converges almost surely to a deterministic limiting distribution
as the matrix dimension increases [13], [14]. Moreover, the
central limit theorem argument for linear spectral statistics
(LSS)! of large dimensional random matrices [15, Theo-
rem 1.1] (or the central limit theorem for random determinants
[16], [17]) reveals the interesting feature of MIMO capacity
(as a random variable)—the “Gaussian behavior” in the limit
as the number of transmit and receive antennas goes to infinity
with a certain limiting ratio.

In [3], the exact and asymptotic mean (or ergodic) capac-
ity for independent and identically distributed (i.i.d.) MIMO
channels was derived in an integral form using the well-known
random matrix results: the eigenvalue distribution of Wishart
matrices [18] and the so-called Marcenko—Pastur law [13].2
By directly applying [15, Theorem 1.1], the distribution of the
capacity for i.i.d. MIMO channels was shown in [8] to have
a Gaussian limit where the asymptotic variance was further
derived. Also, Gaussianity of the capacity for i.i.d. MIMO
channels was shown in [9] for various asymptotic scenarios
in the number of antennas and the signal-to-noise ratio (SNR).

To characterize MIMO mutual information under more
realistic propagation environments, several authors have dealt
with the exact or asymptotic analysis in the presence of spatial
fading correlation. Using the distribution theory of random
matrices, the determinantal formulas for the exact character-
istic function (CF) of mutual information were derived for
“one-sided correlated” [5] and “doubly correlated (often called
Kronecker-correlated)” [6] MIMO channels. Furthermore, us-
ing the determinantal CF formula, all statistical moments,
including the skewness and kurtosis as well as the relevant
first two moments (mean and variance), of the MIMO mutual
information were obtained as trace formulas in [6].

It was shown in [10] that the ergordic mutual information
for doubly correlated MIMO channels grows linearly with the
number of antennas under some assumptions as in the i.i.d.
case, but the asymptotic growth rate is smaller in the presence

For any n x n positive semidefinite matrix A, the LSS of A are quantities
of the form
1 n
=Y f(ne(A)
"=
where g (A), £ = 1,2,...,n, denote the eigenvalues of A in any order
and f is a function on [0, co) [15].

2The closed-form expression for the exact mean capacity was presented in
[4, Theorem IIL.1].
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of spatial correlation. The analytical machinery used in [10]
relies on the Stieltjes transform of the asymptotic eigenvalue
distribution [14]. In parallel to this methodology, a so-called
replica method has been used in [11] to derive the statistics of
mutual information for large (but finite) numbers of antennas
under both i.i.d. and doubly correlated fading.® More recently,
asymptotic Gaussianity of the mutual information was shown
in [12] for (exponentially) doubly correlated fading in a
unidimensional limit where the number of antennas at either
the transmitter or the receiver tends to infinity while the other
side is fixed to have the finite number of antennas.

As a supplement to our recent exact analysis for the finite
number of antennas [6], this paper deals with an asymptotic
analysis for mutual information statistics of doubly correlated
MIMO channels in the limit as nt transmit and ny receive
antennas tend to infinity with a ratio nt/ngr — k. For the
doubly correlated case, it is difficult to apply the methodol-
ogy of the Stieltjes transform (which has been successfully
employed for i.i.d. or one-sided correlated MIMO channels)
for the asymptotic mutual information analysis (in particular,
beyond the first-order statistic). Instead, we begin with the
results from the replica and saddle-point techniques in [11] for
large (but finite) numbers of antennas. We then perform the
asymptotic analysis for infinite antenna numbers (rather than
a large antenna approximation), which allows us to simply
characterize the mutual information statistics in terms of the
ratio n/ng and the SNR at which MIMO systems operate—
without an explicit value of nt or ng. The main contributions
of the paper can be summarized as follows:

o We first introduce a class of asymptotic LSS for struc-
tured correlation matrices, referred to as the correlants
(see Definition 2), to bridge the gap between the analyt-
ical machinery of large and infinite dimensional random
matrix problems. Then, the asymptotic mean of mutual
information per receive antenna, fi,sy, and the asymptotic

variance, sty, are expressed in terms of the correlants for
arbitrary transmit and receive correlation matrices (see
Proposition 1).

o Using Szegd’s theorem on the asymptotic eigenvalue
distribution of Toeplitz matrices [19]-[21], we present
three examples of i,y and afsy for specific classes
of correlation matrices of Toeplitz form—exponential
(or Kac—-Murdock—Szego), tridiagonal, and constant (or
intraclass) correlation matrices (see Theorems 1-3).*

o We show that the asymptotic statistics fi,sy and afsy as a

function of the ratio x > 0 are monotonically increasing

and unimodal, respectively. From these monotone and
unimodal properties, we determine the maximum scaling

(with the number of receive antennas) and the peak

variation of the mutual information (with respect to k)

for a given SNR in the asymptotic regime.

This paper is organized as follows. In Section II, the
asymptotic mean and variance of the mutual information for
doubly correlated MIMO channels are given in terms of

3The replica method was introduced in statistical physics and has been used
to analyze the spectral properties of a variety of random matrices (see, e.g.,
[14] and references therein).

4These correlation models have been widely used for many multiple-
antenna communication problems (see, e.g., [4]-[6], [11], [12], [22]).

the correlants of matrices with arbitrary correlation structure.
Examples for special classes of Toeplitz correlation matrices
are presented in Section III. In Section IV, some numerical
results and discussion are provided to illustrate our asymptotic
analysis. Finally, Section V concludes the paper.

II. ASYMPTOTIC ANALYSIS

Let H € C"»X"T be a random channel matrix whose
(¢,7)th entries H;j, i = 1,2,...,ng, j = 1,2,...,n, are
complex propagation coefficients between the jth transmit and
the ith receive antennas with E {|H;;|*} = 1.> We consider
a doubly correlated Rayleigh-fading channel with the channel
matrix H given by [10]

H = v}/*H, ¥}/ (1)

where Hj is the ng X nt random matrix with i.i.d., zero-
mean, unit-variance, complex Gaussian entries and ¥ and
WRr are nT X nr transmit and nr X ng receive correlation
matrices, respectively.® Note that ¥ and Wy are non-random
deterministic matrices.

When the receiver has perfect channel knowledge and the
transmitter is constrained in its total average power with equal-
power allocation to each of transmit antennas, the mutual
information Z between the input and output signals is given
as a random variable [1]-[3]

7 = Indet (InR + :THHT) nats/s’Hz — (2)
where { denotes the transpose conjugate of a matrix, I, is
the n x n identity matrix, and 7 is the average SNR at each
receive antenna.

To characterize the asymptotic statistical behavior of Z in
the presence of spatial correlation, it is necessary to select
a class of matrices with specific correlation structure. For
generality, we begin by defining a class of asymptotic LSS
for matrices with arbitrary correlation structure, which will be
invoked in deriving asymptotic mutual information statistics.

A. Asymptotic LSS of Correlation Matrices: Correlants

Definition 1 (Structure of Correlation Matrices): Let W,
be an n x n correlation matrix whose (7, j)th entry is deter-
mined by solely a function ¢ (4, 7). Then, a class of correlation
matrices {\Iln}ff:l is said to have the correlation structure
and ¥, is denoted by ¥, (¢).

For example, for the uncorrelated case where all off-
diagonal elements are equal to zero (¥,, = I,,), the correlation
structure, denoted by 15, corresponds to s (i,5) = d;;.

Definition 2 (Correlant): Let W, (¢)) be an n X n correla-
tion matrix with structure v. Then, the ¢th correlant Yy (£;1)
of W, (¢) with respect to a nonnegative quantity ¢ is defined

5Throughout the paper, N, R, and C denote the natural numbers and the
fields of real and complex numbers, respectively.

SA correlation matrix is a class of positive-semidefinite matrices with all
diagonal entries 1.

76,-j denotes the Kronecker delta.
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as an asymptotic LSS of the matrix with correlation structure
1 as

4

oy e o e d
To(Gv) 2 m T mden{L 48, (0)) )
where
1, if £=0 @
"= %7 otherwise.

Let

1
F¥() () £ = {number of eigenvalues of ¥,, (1) < A}
n
&)

be the empirical eigenvalue distribution (EED) of W, (v),
which reflects the fraction of the eigenvalues less than or equal
to \.% If there exists an asymptotic eigenvalue distribution F'¥
to which the EED F¥~(¥) converges in distribution as n —
00, then the correlant Ty (&;14)) is given by

Amax (%)
TG = [ KA ©
Amin(“/’)
with the kernel
In(1+&N), ife=0
Keno 24\ | )
(m) , otherwise
where
Awin (1) = lim min g (2, (4)) ®)
Amax (¥) = nhlr;o max Ak (W (¥)) )

For example, the identity matrix I, = ¥, (¢5) has the
correlant

Yo (&95) = Ko (1,6) . (10)

B. Asymptotic Statistics of T

Proposition 1 (Doubly Correlated MIMO Channel): Let
W and PR be of structure 1 and iy such that there
exist the correlants Y, (§;¢r) and Y, (£;¢r) at least up to
the second order. Then, as nt and ng tend to infinity with
a limiting ratio nt/ng — k > 0, the asymptotic mean of
mutual information in nats/s/Hz per receive antenna is

_ . 1
Hasy (7, &) £ nT}gn_,oo . E{Z}
nt/nrR—K

= 1Yo (C2;%1) + Yo (YC13¢Rr) — KCi1G2  (11)

8The EED of a random matrix is a random function because of the
randomness of the eigenvalues themselves [13]-[15]. In contrast, (5) is a
deterministic function for given structure 1) and dimension n.

and the asymptotic variance is

2 (= N4 :
Uasy (77 ’%) - nT},ngL,OO
np/nr—kK

~2
=—1In {1 - % Yo (Coshr) Yo (’YQWR)} (12)

Var{Z}

where the quantities (, > 0, £ = 1,2, are determined by
solving the system of equations

G =T (C239¢7)
G =—-"T1 (¥ 1;¢rR) -

13)
(14)

= =2

This proposition can be obtained directly by using the
replica and saddle-point analyses in [11] and taking the
limit nT,ng — oo with a ratio nt/ng — k, along with
Definition 2. Note that if ¥ = ¥Yr = s (ie., iid.
MIMO channel), then it is easy to show that (11) and (12)
in Proposition 1 reduce to the previously known results (see,
e.g., [8]). As mentioned, the central limit theorem argument
[15, Theorem 1.1] leads us to the asymptotic Gaussianity
of mutual information with equal-power allocation for i.i.d.
MIMO channels. This is also true for one-sided correlation
at either the transmitter or the receiver (i.e., Y = s or
Pr = 15), because the case of {p = s or Yr = 15 meets
the conditions for [15, Theorem 1.1].

III. EXAMPLES: CORRELATION MATRICES OF TOEPLITZ
ForRM

In this section, we give examples of asymptotic statistics
of MIMO mutual information for correlation matrices of
Toeplitz form. In particular, the correlation structures for
Wt and PR of interest are exponential, tridiagonal, and
constant correlation. They are special classes of symmetric
Toeplitz matrices and often appear in the multiple-antenna
communication literature.

A. Exponential Correlation (Kac—Murdock—Szego) Matrix

The nth-order positive-definite exponential correlation ma-
trix with a correlation coefficient p € [0,1), denoted by
W, (¢I1), is an n x n symmetric Toeplitz matrix of the
following structure

1 p p2 n—;
p 1 p "
@, (¢ =| . (15)
pn—l pn—2 pn—3 .. 1

nxn

which is sometimes called the nth-order Kac—Murdock—Szego
matrix. This model can be applicable to an equally-spaced
linear array and the positive definiteness of ¥, (zb[pe]) holds
for any p € [0,1) (see [23, Sec. 7.2, Prob. 12]).

Lemma 1: The EED of ¥, (¢[) converges in distribution



SHIN et al.: ASYMPTOTIC STATISTICS OF MUTUAL INFORMATION FOR DOUBLY CORRELATED MIMO CHANNELS 565

to
. 1 1o o)< e
dFY () N (Afl;p) (i,A) T e e
T = 1+p 1—p
0, otherwise,
(16)
as n — oo.
Proof: See Appendix A. O
Theorem 1 (Exponential Correlation): If ¢ = w,[fg and
YR = 1/’£>er]w then
1— [e] 1+ [e]
) Vi & it d
Hasy (7, &) = 2k In Tor Tiom
\V 1+pr + V 1-pT
1—pr = ~lel 1+pr = el
Vi AT+ R A
2 Y e — (i
Vi
(17)

1—pr 14+p7 [e]
1+p1 + 1—pr + 2 2

,?2
Uasy(’}/v’i):*ln 17&

1—pr | l4pr | o= le]
Ton T Topn T 2701

(1550 2ct) (i )|
(18)

X

where the quantities C,[:] > 0, k = 1,2, are determined by
solving the system of equations

1
o= (19)
1— lel) (1+ fe]
(b ) (e )
Y/ K
11— il . Q0
y (it o) (1 5t
Proof: See Appendix B. |

B. Tridiagonal Correlation Matrix

The nth-order positive-definite tridiagonal correlation ma-
trix with a correlation coefficient p € [0,0.5), denoted by
U, (¢U7), is an n x n symmetric Toeplitz matrix of the
following structure

@, (vy)) = Lo @n
p 1 p

0 N e

This model can be used for the benign-case analysis where

only the adjacent signals are correlated. Since ¥, (77/15)”) is

positive definite for p € [0,0.5/cos -75) [22], the positive

3/2
1- lel) {1+ le]
() (5 + )

definiteness of W, (yI1) with p € [0,0.5) holds for any
positive integer n.

Lemma 2: The EED of W, (411) converges in distribution
to

[t 1
dFYe () _ { 7/ (A=1+2p)(1+2p—-X)’
d

1-2p<A<1+2p

0, otherwise,
(22)
as n — oo.
Proof: See Appendix A. O
Theorem 2 (Tridiagonal Correlation): If 1 = 1 and

PT
Yr = Yl , then we have (23) and (24), shown at the bottom

of the next page.
Proof: See Appendix C. O

C. Constant (or Intraclass) Correlation Matrix

The nth-order positive-definite constant correlation matrix
with a correlation coefficient p € [0, 1), denoted by ¥, (wgc]),
is an n x n symmetric Toeplitz matrix of the following
structure

L pop p
p ]_ p ... p

w, (P51 = | S @27)
pop p - 1]

This model can be used for the worst-case analysis or for
rough approximations using the average value of correlation
coefficients for all off-diagonal entries of the correlation
matrix. Since the eigenvalues of W, (¥[T) are 1 — p with
multiplicity n — 1 and 1+ (n — 1) p, the positive definiteness
of W, (1) holds for any p € [0,1).

Theorem 3 (Constant Correlation): If ¢ = 7#,[;% and
Yr =YL, then

Pasy (7, K) = mln{l + LA 0B (7, Ocs H)}
K
+1n{1+ 07— 03B (3, 00,%) } — KB (7, 06,5)  (28)
and
CTz:?sy (;Yv H) = - hl{l - HBQ (;Ya Qc; Kj)} (29)
where o. = (1 — pr) (1 — pr) € (0,1] and
1 1 1 1\ 4
1++—\/<1++> o
K oY K oY R

(30)

1
B(:%Qaﬁj)zi

Proof: See Appendix D. O
Comparing Theorem 3 with the i.i.d. results reveals that the
effect of constant correlation on the asymptotic behavior is to
reduce the SNR by the factor g.. We also remark that the
sequence {ci'}7"  with

1, iftk=0
! = { P (31)
p, otherwise
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is not absolutely summable for p € (0,1). Therefore, the
asymptotic theory of Toeplitz matrices cannot be a{pplied to

. . WP o,
constant correlation and the asymptotic EED F*¥» is not
feasible. However, we can find the asymptotic statistics by
means of the correlants of ¥, (I¢1).

IV. NUMERICAL RESULTS AND DISCUSSION

In this section, we give some numerical results and discus-
sion on our asymptotic analysis.

A. Verification

Figs. 1-6 verify the results in Theorems 1-3.° Figs. 1 and 2
show the simulated mean (nats/s/Hz) per receive antenna and
variance of 7 as a function of ng. These curves are compared
with their asymptotic values for doubly correlated MIMO
channels with exponential correlation ¥ = W, (¢1) and
Ur =W, (wg). In these figures, n = ng (i.e., Kk = 1),
pr = pr = 0 (i.i.d.), 0.5, 0.8, and ¥ = 15 dB. It can be
seen that as the number of antennas grows, the simulated
results converge rapidly to their asymptotic values given by
Theorem 1. Similar observations are made for tridiagonal
correlation in Figs. 3 and 4 where ¥ = ¥, (¢}}), ¥r =
\IlnR(z/)g_]3), and ¥ = 15 dB when nt = n, ng = 2n
(k=05);nr=ng=n(k=1;and npr =2n, ng = n

9The systems of equations in (19), (20) and (25), (26) can be solved
numerically using a single standard function in a common mathematical
software package such as MATHEMATICA, MAPLE or MATLAB. For
example, we have used the library function ‘Solve’ in MATHEMATICA.

(k = 2). The corresponding asymptotic values are obtained
using Theorem 2.

In Figs. 5 and 6, the simulated results and their asymp-
totic values given by Theorem 3 are depicted for constant
correlation in the same environment as in Figs. 1 and 2.
It can be observed that the convergence rates for both the
mean and the variance are much slower than those for ex-
ponential and tridiagonal correlation. This slow convergence
is due to the fact that the largest eigenvalue Ap,x = 1 +
(n—1)p of ¥, (1) grows with n and hence, its contri-
bution (even with unit multiplicity) in LSS vanishes slowly
as n increases—i.e., the asymptotic contribution amounting
to lim,,_ %ln (1 4+ &Amax) in the correlants becomes zero
owing to unit multiplicity irrespective of n, but it is of O (1“—”)

n
rather than O (n™!) due to the increase in Apax with 7.

B. Asymptotic Maximum Growth Rate

Fig. 7 shows the asymptotic mean fi,y (7, %) in nats/s/Hz
per receive antenna as a function of the ratio x at 4y = 15
dB for exponential correlation of the following six cases:
i) pr = pr = 0; i) pr = 0.5, pr = 0; iii) pr = 0.9,
pr = 0; iv) pr = 0, pr = 0.7, v) pr = 0.5, pr = 0.7,
and vi) pr = 0.9, pr = 0.7. We can see that as x grows,
the asymptotic mean is approaching a deterministic quantity,
independent of the transmit correlation and depends only on
the receive correlation. This quantity is determined by the
following corollary.

Corollary 1 (Maximum Scaling): If there exist the asymp-
totic EEDs FYT and F¥®, then the asymptotic statistic

Hasy (7, k) = 2Kk 1n

1+ =200+ 1+ 1 + 2008
2

V17T — 200300 + /14 7¢1 4 2057¢

+2In 5 —rgiicy @3
2 1 1+ 3¢ +2(1—2pr) (14 2p7) (¢IH2
SRR B U 7
152 |:(1 + Cét] _ 2pT<—£t]) (1 + Cg] + 2pT<g]):|
1+ 37¢H +2 (1 2r) (1 + 2pr) 7(¢1")° o4
3/2
[(1+3¢1 — 20m3¢1") (1+7¢1 + 20m7¢1)]
where the quantities C,[Ct] >0, k=1,2, are determined by solving the system of equations
1 1
1= el (25)
S (= 2 (14 6 2t
1 1
Y = [ (26)

K _ _ _ _
! \/ (147 = 2005¢1") (14+7¢1 + 205¢1")
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Number of receive antennas, ng

Fig. 1. Mean of Z (nats/s/Hz) per receive antenna as a function of the
number of receive antennas ny and its asymptotic value for doubly correlated
MIMO channels with exponential correlation ¥ = W, (wg’%) and ¥ =

U (WEL). nr = ng (v = 1), pr = pr = 0(i.id.), 0.5, 0.8, and 7 = 15
dB.

2.0 — ‘ 1 ‘
nr= g (= 1), 7= 15dB

exponential correlation :

asymptotic
--%-- simulation

b
6 . .
[o3
§ 10 %******%%%%%%%%%%l%#&:@ﬂéﬂé&@ﬂé4
Eok e
¥ : : : :
05| o o
0.0 L i i i i

1 5 10 15 20 25 30

Number of receive antennas, ny

Fig. 2. Variance of 7 as a function of the number of receive antennas ny and
its asymptotic value for doubly correlated MIMO channels with exponential
correlation ¥ = ¥, 1 (Y5)) and Or = @, (¥5)). 01 = ng (8 = 1),
pT = pr = 0 (iid.), 0.5, 0.8, and 4 = 15 dB.

asy (7, k) for each SNR # is a monotonically increasing
function in x > 0 and the least upper bound (or supremum)
on the asymptotic growth rate of the mean with the number
of receive antennas is given by

SUD flasy (7 6) = Yo (¥;¥r) - (32)
Proof: See Appendix E. |

Note that « is the limiting ratio related to the growth rates at
which nt and ng tend to infinity. Hence, Corollary 1 implies
that ju,sy increases with « (i.e., increasing the growth rate of
nr and/or decreasing the growth rate of ngy), until it reaches
its limit Yo (7;9Rr). The irrelevance of transmit correlation
to the maximum scaling is due to the fact that as Kk — oo,

4 T T T T T T
‘ 7: ISdBj asymptotic
s tridiagonal correlation --%-- simulation
5 (pr=pr=0.3) : :
E s s s s
ny=2n,ng=n(Kx=2
2 k¥ l: o )
8 Bk L e A T
o \ ;
*
B e L
E : nr=ng=n(x= 1)
= :
@ :
< !
S 2
et Ko A
3 nr=n, ng=2n(x=0.5)
=1 H !
5 : :
=
1 L i i i i i
1 5 10 15 20 25 30

Number of antennas, n

Fig. 3. Mean of Z (nats/s/Hz) per receive antenna as a function of the number
of antennas n and its asymptotic value for doubly correlated MIMO channels
with tridiagonal correlation ¥ = ¥, (¢E]T) and Ug = Wy (1/12%).
pr = pr = 0.3 and ¥ = 15 dB. n = n,ng = 2n (k = 0.5); np =
ng =n (k =1); and np = 2n,ng =n (k = 2).

2.0 — T T T T T
¥ =15dB; asymptotic
tridiagonal correlation --%-- simulation
(pr=pr=0:3) ‘ ‘
T P T EPS T S 1

.
o~
=l
T ) P |
=
R : :
z ‘ ‘
> nr=n, ng=2n (k= 0.5)
L =20, AR =i (K =2)
0.0 L i i i i i
1 5 10 15 20 25 30
Number of antennas, n
Fig. 4. Variance of Z as a function of the number of antennas n and

its asymptotic value for doubly correlated MIMO channels with tridiagonal
correlation W = Wy, (¢B]T) and ¥R = ¥y (¢[p‘]R) pr = pr = 0.3
and ¥ = 15 dB. np = n,ng = 2n (k = 0.5); ny = nr =n (k = 1);
and np = 2n,ng = n (k = 2).

%HODTH$ converges almost surely to I, by the law of
large numbers, where Dt denotes the diagonal matrix of the
eigenvalues of Wr:

1
lim piay (7,£) = lim —Indet (I, +7¥R)

nRr—o00 ’]’LR

=To (¥;¢Yr) -

From Corollary 1 and (55) in Appendix B, the asymptotic
maximum growth rates for exponential receive correlation
of pr = 0 and pr = 0.7 are equal to 3.485 and 2.867,
respectively, as shown in Fig. 7.
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Fig. 5. Mean of Z (nats/s/Hz) per receive antenna as a function of the

number of receive antennas ng and its asymptotic value for doubly correlated
MIMO channels with constant correlation W = Wy, (w[p‘]T) and g =

U (W51). nr = ng (v = 1), pr = pr = 0(i.id.), 0.5, 0.8, and 7 = 15
dB.
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Fig. 6. Variance of Z as a function of the number of receive antennas ny

and its asymptotic value for doubly correlated MIMO channels with constant
correlation ¥ = Wy, 1 (w[ﬂ,) and ¥g = ¥y (w[ch]{) nt =ngr (k = 1),
pr = pr = 0 (i.i.d.), 0.5, 0.8, and 4 = 15 dB.

C. Asymptotic Peak Variance

Fig. 8 shows the asymptotic variance g, (7, ) as a func-
tion of the ratio x for pr = pr = 0, 0.5, and 0.7 when
4 =20 dB and vy = —10 dB. As can be seen from Fig. 8, the
asymptotic statistic o, (7, ) is a unimodal function in x > 0
and hence, there exists a unique value—the mode kpode—0f
the ratio « that maximizes the asymptotic variance oz, (7, ©)
for each SNR #. For example, the maximum variation of the
asymptotic mutual information, i.e., asymptotic peak variance
for i.i.d. MIMO channels (¢t = ¥r = 15) is given by
@+ 1) -

max oy (7,#) = In (

Hasy (nats/ s/ Hz per receive antenna)

log ()

Fig. 7. Asymptotic mean psy (7, k) (nats/s/Hz per receive antenna) as a
function of the ratio « for doubly correlated MIMO channels with exponential
correlation. 4 = 15 dB.

with the mode
’7

T+7 (34)

Kmode =
which is the solution of doz, (7, ) /Ok = 0. The mode (34)
reveals that the asymptotic variance of Z reaches its maximum
around x = 1 (symmetric antenna configuration) at high SNR,
but around k = 4 (< 1) at low SNR. In Fig. 8, we can
determine the mode ry0d4e NUMerically. When 4 = 20 dB (high
SNR), Emode = 0.990, 0.973, and 0.915 for pr = pr = 0, 0.5,
and 0.7, respectively. In contrast, when ¥ = —10 dB (low
SNR), Kmode = 0.091, 0.115, and 0.175 for pr = pr = O,
0.5, and 0.7, respectively.

It can be also observed that the effect of fading correlation
on the variance of 7 is different in high- and low-SNR regimes.
When 4 = 20 dB (high SNR), larger fading correlation leads
to an increase in the variance under highly asymmetric antenna
configuration (k > 1 or k < 1), but a decrease in the variance
for a symmetric case (nt ~ ng). In contrast, when 7 = —10
dB (low SNR), larger fading correlation increases the variance
for any value of «.'°

V. CONCLUSIONS

We derived the statistics of mutual information for doubly
correlated MIMO channels in the asymptotic regime where
the number of transmit and receive antennas goes to infinity.
The asymptotic mean (per receive antenna) and variance
of the mutual information with equal-power allocation have
been obtained in terms of the asymptotic linear spectral
statistics—the correlants—for structured spatial correlation
matrices. As an example, we presented asymptotic mutual
information for special classes of Toeplitz correlation matrices

10This observation is related to the following Schur monotonicity property
of the low-SNR variance: the variance of Z as functionals of the eigenvalues
of correlation matrices is monotonically increasing in a sense of Schur at low
SNR (the proof can be found in [24, Appendix C]). See [25] for more details
about Schur monotonicity related to correlation matrices.
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Fig. 8. Asymptotic variance g,

and 5 = —10 dB. p1 = pr = 0 (i.i.d.), 0.5, and 0.7.

(exponential, tridiagonal, and constant correlation matrices).
From monotone or unimodal properties of the asymptotic
statistics with respect to the ratio nt/ngr, we determined
the maximum scaling (with the number of receive antennas)
and the maximum variation of the mutual information in the
asymptotic regime with the following observations:

o The maximum scaling of the mutual information with the
number of receive antennas is independent of transmit
correlation and depends only on receive correlation.

e The peak variance of the mutual information occurs at
nt ~ ng in a high-SNR regime, but at nT ~ 7 - ng in
a low-SNR regime.

Our asymptotic results provide insights complementary to the
previous exact analysis for the finite number of antennas [6].

APPENDIX
A. Proofs of Lemmas 1 and 2

The fundamental eigenvalue distribution theorem of Szego
(see [19, Ch. 5]) states that if {ci},— . are Fourier coef-
ficients of a bounded real-valued function ¢ (Riemann inte-
grable on [—m,7]), then the eigenvalues of n x n Hermitian
Toeplitz matrices Ty, (¢) = [ci—;]; ;_, 5, and the values of
¢ at n equally-spaced points in the interval [—, 7| are equally
distributed in a sense of Weyl [19, Sec. 5.1], as n — oo.!! For
conceptual simplicity, the condition for Riemann integrability
of ¢ has been replaced with the absolute summability of

'The sequences {ay}};,; and {bs}}_, with ag, by € [m, M] are said to
be equally distributed in Weyl’s sense in the interval [m, M| as n — oo, if

n

D G a) =G (b)) =0

for any function G continuous on the interval [m, M].

2

A symptotic variance G,
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0.06

‘ ?z —10dB
a: pr=pr=0.0 ‘ : :
P P05

¢ pr=pr=0.7 | : :

0.05

asy

0.04

0.03

o
=]
]

0.01

0.00

log 10 (K)

(¥, k) as a function of the ratio  for doubly correlated MIMO channels with exponential correlation when 5 = 20 dB
iid.)

{ck}re_ . in [20] (see also [21]) at the expense of mathe-
matical sophistication and generality. Lemmas 1 and 2 follow
directly from this Szeg6’s theorem.

1) Proof of Lemma 1: Let ¢!°! be the Fourier series of the

se |k i
quence (p"'p "~ . ie.,

o0

S plleihe

k=—o00
1—p?
1—2pcosf + p?

¢ (0)
(35)

where j = \/—1. Since the sequence {p|k|}:i_oo for p €

[0, 1) is absolutely summable, the asymptotic EED Y% exists
(due to Szegd’s theorem) and is given by [21, Corollary 4.1]

1

o> db.
2 O ={0e[—7,7]: pleI(0) <A}

FY () = (36)

Using (35), F' v can be evaluated as (37), shown at the top
of the next page, where

T

Ain (0) = _min o@0)= 15 09
€ € 1 J’»

Amax (V57) = _max ¢(0) = 37— Z- (39)

Now, taking the asymptotic eigenvalue density of ¥, (¢[1)
to be the derivative of F¥+ (A\) with respect to A wherever
it exists—which is everywhere except at Amin (¥[') and
Amax (¢7)—and defining the density to be zero at Ay (V)
and Apax (V) give the result (16).



570

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 7, NO. 2, FEBRUARY 2008

(o 2 A< A (3]
FEO) = 4 1= oo™ (55 55) i (04) 0 s (08 @7
1, A > Amax (@[JE)C])
O7 A< )\min (qullotl)
FW N=<¢1-= cos™! <2;p1> » Amin (¢g]) < A < Amax (¢[pl]) (42)
1, A > Amax (w[pt])

2) Proof of Lemma 2: Similar to the proof of Lemma 1,

let ¢!'! be the Fourier series of the sequence {c}'} ~ _ with
1, ifk=0
M=Lp ifk=x+1 (40)
0, otherwise.
Then,
#Y(0) =1+ 2pcosé. 41)

Since the sequence {c}l}~ _ for p € [0,0.5) is absolutely

summable, the asymptotic EED Fwy can be found as (42),
shown at the top of the page, where

Anin (1) = _min o (0) =1 -2 (43)
Amax (P4)) = _max AU (6) =1+ 2p. (a4)

Now, taking the asymptotic eigenvalue density of W, (¢I1)

to be the derivative of F¥» (M) with respect to A wherever it
exists and defining the density to be zero at Apip (/1) and
Amax (V1) give the result (22).

B. Proof of Theorem 1

Using (6) and Lemma the zeroth-order correlant

To (& 91) can be written as

17

1+p
n(l+&x
(& vy / (1+¢ ) (45)
+
\/ -~ 1) (12 -2)
Making the change of variable
5= 14 p?> —2pcosb
=0z
we obtain
1 [ 1—p?
T : le]y — 7/
0 (€ 0 ) 2w Jo 14 p%—2pcosb
14 p* —2pcosf
xln{1+5( ’i oo )}de. (46)
-p

The integral (46) is related to Poisson’s integral formula for
a disk [26, Theorem 22]:

1 27 .
— / P (rg,r,0 — ) u(roeje) do 47
2w 0

u(z) =

where u (2) is a harmonic function on the open disk in C,
z =red® with r € [0,79), and P (rg,7,0 — ) is the Poisson
kernel defined by

2 2
o —T

r3 — 2rgrcos (0 — ) + 12’

(>

P (rg,r,0 — )

(48)

Let ¢ (2) £ 2In(r; — roz) where 71,75 > 0. Then, it is
easy to show that the function ¢ is holomorphic (or analytic)
ontheset C— {z €R:z> :—;} and that

Re {o(e) }

Since the real part of a holomorphic function is harmonic, it
follows from (47) with ro = 1 that

32 (49)

= h’l ‘Tl — T'g€

Yo (&¢57) = ¢ (p) = 2In(r1 — 12p) (50)
where
£(1+0%)
ri4ry =1+ (51)
1 2 1 _ p2
2
rr = - f’; . (52)
with % > 1. By solving for r; and r9, we get
1 14+ 1+
=y (il m) ) @
1 14+ 1+
s (il m) - o) o
Substituting (53) and (54) into (50) yields
+E+ /12 +
To (&) = 21n \/”p \/ (55)

1—p 14+p
V 1+p + Vi-p
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By definition, for £ € N, we have

(\/HP +EF \/Hp ) '

(56)

o 2(-D) g
(6 = 5 g

In particular, the first and second order correlants are given
respectively by

Ty (&95!) = = (57)
(9 (2209
1—p 1+p
Yo (&) = m t o, v (59)

AT

Finally, combining Proposition 1, (55), (§7), and (58) com-
pletes the proof.

C. Proof of Theorem 2

Using (6) and Lemma 2, the zeroth-order correlant

To (& 4L1) can be written as

1+2p
To (E;w,ﬁ”)zfl s VN

Making the change of variable A = 1 — 2p cos 6, we obtain

In (1 +&X)dA
—1+29)(1+2p—-N)

(59)

2
Yo (fﬂﬁg]) = %/0 In(1+&—2pcosh)dh.  (60)

To evaluate the integral (60), we use the same steps lead-
ing to (55). Noting that the Poisson kernel in this case is

P (ro,r,0 —a) =1, we have ro = 1, r = 0, and

Yo (&95)) = ¢ (0) = 2In (r1) (61)
where

52 2
=1+¢ (62)
7"1

with vy > 0. It is easy to show that

1

= (Vite2g+Viter2). @

Hence, we get

Yo (&9) =21n <V1+5—25P+\/1+§+2£p) )

2

oy L 1
(57/) ) g(l \/(1+€_2§p)(1+§+2§f))>
(65)

T2 (§4)) =

1 (1_ 1+3§+2(12p)(1+2p)§2>
[

e (1+€—26p) (1 + € +26p)*°
(66)

from which and Proposition 1, we complete the proof.

D. Proof of Theorem 3
It is clear from Definition 2 that for £ > 0,
Yo (&95) = Ko (1—p,8).

Hence, from (13), (14), and (67), we arrive at the following
system of equations for §,[:] >0,k=1,2:

(67)

gc] 1—pr

1+ ¢ (1 - pr)
SRSl L (69)
e 1477 (1 - pr)

(68)

Solving for C{C] and Cg], and after some algebra, we obtain

= (1= pr) 1= B(3.00.)] (10)
& = (1= ) [2 =3B (3,000 an
GG =B (3, 004).- (72)

Combining Proposition 1, (67), and (70)—(72) completes the
proof.

E. Proof of Corollary 1

It is easy to show from (6) and Proposition 1 that

6Hasy (:Y7 "‘f)

5 =T (C2;5971) — C1C2
=7 (CQ; 1/JT) -1 (€2§ 7vZJT) 2
- Amax (Y1) (1 A\ C2A AFYT ()
_/AmmwT) {n< e )_H@A} .
(73)
Since In (1 +2) > 17
Oasy (O, ) - (74)
Ok

which means that fi (7,%) is a monotonically increasing
function in x > 0. Hence,

SUD frasy (7, 1) = 1 prasy (3, ) - (75)

k>0
It is clear that if kK — oo, then (; — 1, (3 — 0, and

Yo (Co391) — (12
1/k +

Lo )

=0

Kllrgo Hasy (7, ) = lim To (¥ ¢r)

K— 00

+Yo (75 9¥R)

K=0C

(76)
where

906G _ Ty (C2;Yr)

0K K

_9 -1
{1 — %Tz (C2s9T) Yo (vCudm)} :
77

From (75) and (76), we arrive at the desired result (32).
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